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ABSTRACT

It was approximated that one-third of the world's population is infected with
latent Tuberculosis (TB). Moreover, the emergent prevalence of Covid-19 resulted
in a drastic decline of treatment and diagnosis of TB. This research presented
an exhaustive deterministic model for the transmission, prevention and control
dynamics of TB. The developed model incorporated significant epidemiological
factors such as disease relapse, progression rate from latent to active TB,
contact rate, treatment rate, vaccination and immunity wane. The model was
shown to possess a positive and bounded solution region. By employing the next
generation matrix technique and constructing an appropriate Lyapunov function
respectively, it was obtained that there exists a locally and globally stable
disease free equilibrium point for the model whenever the effective reproduction
number, R, is less than unity. Similarly, the model was shown to possess a unique
globally asymptotically stable endemic equilibrium point (EEP) whenever R,
>1. Sensitivity analysis of R, was performed using the forward index sensitivity
approach and it was established therein that the rate of recruitment into the
susceptible population and the disease transmission rate have unit sensitivity
indices. Rates of immunity wane after vaccination and progression from latent to
active TB exhibited a direct variation while vaccination, treatment, natural and
disease induced death rates exhibited an inverse variation with R . Numerical
simulation was performed on the model by implementing the fourth order Runge
Kutta numerical method on MATLAB subroutine. The data used for simulation
was gotten from literature and referenced. The values of the model’s sensitive
parameters were varied and their effects on the spread and control of TB were
discussed extensively.

Mathematical Model,
Tuberculosis, Waning Immunity.

Keywords: Disease Relapse, Sensitivity Analysis,

attacks the lungs (pulmonary TB)

“Following three years in which
COVID-19 was the leading cause
of death from infectious diseases,
Tuberculosis (TB) reclaimed this
positionin 2023 with an estimate of 1.25
million deaths” (Goletti et al., 2025).
Tuberculosis is an infectious disease
caused by the bacillus mycobacterium
tuberculosis (MTB). TB typically

but can also affect other body parts
(extra-pulmonary TB) such as the
central nervous system, lymphatic
system, brain, spine, kidneys of
people with weak immune systems
and young children (Kim et al., 2018).
TB infection dates as far back as 1882
when Dr. Robert Koch made known
the discovery of tubercle bacilli, later
known as the MTB, a pathogenic
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bacterial specie of the mycobacterium species and
the causative agent of most cases of tuberculosis
(Patterson et al., 2018). In the medical writings of
Europe, the terms phthisis, consumption and white
plague were once used as synonym for TB (Frith,
2014).

TB is transmitted through airborne particles known
as droplet nuclei which is generated when an already
infected person discharges fluid via coughing,
sneezing, shouting, singing etc. These nuclei are
sufficiently small to remain suspended in the air and
carried throughout rooms or buildings by normal
air currents. Individuals who continuously share
space with someone infected with TB have a high
risk of becoming infected. These bacilli establish
themselves in the alveoli of the lungs, from which
they disseminate throughout the body except
suppressed by a strong immune system.

A person is said to be exposed to TB when they
breathe in tubercle bacilli from contaminated air
space, although at this early stage such person is non-
infectious and asymptomatic (latent TB). While it is
estimated that one-third of the world’s population
are infected with latent TB, only approximately 10%
of latent progress to active/clinical infectiousness
(Centers for Disease Control and Prevention, 2024).
These include people who have a weak immune
system or are infected with other diseases such
as Covid-19. In such person, the bacteria become
active, replicate, and lead to the development of TB
disease. For those who do not develop active TB,
the bacteria remain inactive (latent) for a lifetime in
them. Those who develop TB usually do so within
the first two years of infection.

The World Health Organization (WHO) declared TB
as a global epidemic in 1993 (Mishra and Srivastava,
2014). More than 80% of global TB incidence is
concentrated in 23 countries across East Asia and
Africa with TB accounting for 3 million deaths
worldwide yearly and at least one billion deaths
during the 19th and early 20th centuries (Castillo-

Chavez and Song, 2004). “TB is the 10th leading
cause of death worldwide since 2007 and the main
cause of death globally from a single infectious
agent, ranking above HIV/AIDS” (Schluter et al.,
2021).

TB is treated with multiple antibiotics, including
combination of Streptomycin and pyrazinamide
over a period (Grace et al., 2019). Individuals at the
latent stage are treated with isoniazid for at least 6
months for effective results while active cases are
treated for at least 9 months with multiple drugs
including rifampin, isoniazid, pyrazinamide and
complex regimens. Individuals with active disease
may recover if they are treated with timely and
appropriate antibiotic regimens, although they
remain at risk of a disease relapse (Colijn ez al., 2009).
Antibiotic resistant TB strains are generated when
there is a wrong diagnosis/therapy, a co-infection
with another disease(s), an incomplete treatment
or skipped dose(s). Antibiotic resistance continues
to intensify, accompanied by increasing levels of
multidrug-resistant TB. Antibiotics are effective for
treating drug-sensitive TB, but drug-resistant TB is
much harder to manage, and sometimes impossible
to treat (Kirschner et al., 2017).

Moreover, treatment of a TB infected individual
does not remove tubercle bacilli, the causative agent.
Recovered individuals are categorized as a single
low-risk latent group who can get re-infected due
to loss of immunity. Individuals at the active stage
of TB infectiousness, if not immediately treated,
are at a risk of death. Unavailability of early and
accurate diagnosis are two major obstacles to TB
control efforts in high-burden countries. Although
sputum smear microscopy is the standard TB
diagnostic method across the world, it detects only
about 50% of active TB cases in most laboratories.
Bacillus Calmette-Guerin (BCG) vaccine has a good
efficacy in preventing TB disease in the years after
vaccination. This immunity, however, may be lost
by continuous exposure to a significantly endemic
environment (Okafor et al., 2023). Therefore,
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vaccination is not a ticket to continuous exposure
to the infection especially in a highly endemic
environment such as developing countries.

Figure 1 illustrates global TB treatment numbers
between 2010 and 2022, showing substantial
reversals in progress toward increasing annual

diagnoses and treatment in 2020 and 2021. This
is caused by the emergent prevalence and chaotic
spread of Covid-19 (Bandekar and Ghosh, 2022) and
results in substantial disruption of progress toward
global TB treatment goals (Sachdeva et. al., 2020;
World Health Organization, 2023).

Figure 1| The Global Number of People treated for TB Disease, 2010-2022 (World Health Organization, 2023)

2. | Literature Review

The strategic application of mathematical
modelling enables the identification of high-impact
interventions and the optimal allocation of limited
resources (Mandal et al, 2025). Waaler et al.
(1962) developed one of the earliest mathematical
models on TB dynamic, with focus on its prediction
and control using simulation approaches. Three
epidemiological classes were included in the
model: susceptible, latent TB, and infectious TB.
In the model formulation, it was assumed that BCG
vaccine prevented 70% of possible TB infection
from taking place among the vaccinated population.
Measures of disease burden such as TB mortality,
prevalence, and incidence were also considered
in the model formulation. The model was solved
using observed or estimated epidemiological data
from the Frimodt-Moller’s longitudinal survey in
South India. Graphical representations of the results

showed the effects of BCG vaccines, case finding
and treatment on the prevalence of the infection over
a period of 20 years. This research was also used
to forecast the future course of TB under specific
conditions. Subsequent mathematical research on
TB focuses not only on simulation of models but
also on their dynamical analysis using modern and
more advanced mathematical methods.

White and Abubakar (2016); Abu-Raddad et al.
(2009); Wu et al. (2010); Ayinla et al. (2021);
Koriko and Yusuf (2008) presented the impacts
of mathematical modeling in understanding and
controlling TB infection. Mathematical models
were described as effective for; gaining insight into
TB’s history, for evaluating “what ifs” scenarios,
examining the impacts of interventions that have/
have not yet been implemented, analyzing empirical
data and to integrate evidence from different
sources. The use of mathematical models to examine
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observational study data when trials are impracticable
was described as very significant to gaining effective
public health intervention strategies.

Trauer et al. (2014) developed a 10-compartment
TB model, taking into cognizance the multidrug
resistant TB and de novo resistance arising during
treatment. Sensitivity analysis of the model
indicated that the detection and treatment rates of
all infected individuals, irrespective of the strain,
are the key parameters influencing subsequent
disease incidence and in predicting the population-
wide mortality. A similar result was obtained by
Ayinla et al. (2021) using a 7-compartmental model
to describe the Tuberculosis dynamics. Vaccination
program, patients’ diagnosis and treatment of patient
were identified as the most important measures in
attaining an effective TB control with diagnosis
been the most preferred measure.

Pandey et al. (2017) predicted the incidence of TB
yearly in India stratified into urban and rural areas.
The result of the developed model’s simulation
indicated that TB in urban areas is unique for
infecting more new individuals yearly (i.e., high
rate of infection) due to high contact rate amongst
the population while TB in rural areas is driven
by a large prevalent pool (a single case remaining
infectious for a considerably long period) traceable
to limited access to treatment. It was also observed
that the average duration of infectiousness depended
mainly on mortality, spontaneous recovery and
cure through diagnosis and treatment. Owolabi and
Pindza (2022) developed a nonlinear model of TB
dynamics with control measures. The existence—
uniqueness properties of the model solution were
established and numerical analyses performed for
a range of control and fractional-order parameter
values. The study concluded that reductions in
TB incidence and mortality depend on the efforts
of national governments to implement appropriate
control measures.

Despite the significance of the studies presented in
modeling the dynamics of Tuberculosis, substantial
focus hasn’t been directed toward the effect of
reinfections due to disease relapse and waning
immunity especially post-vaccination. Similarly, the
re-emergence of Covid-19 led to a rapid decline in the
treatment and diagnosis of TB. Both tuberculosis and
SARS-CoV-2 target the respiratory tract including
the lungs, thus potentiating their effect on each
other and mutually accelerating there progression
to a critical stage (Schluter et al., 2021). Moreover,
Covid-19 patients are predisposed to aggravated
activation of latent infection or occurrence of new
infection with TB due to their weakened immune
system, similar to opportunistic infections in the
case of HIV/AIDS (Ogunmodimu et al., 2024).
It is therefore imperative to develop a model that
incorporates these factors into the TB dynamic.
This work addressed that gap by constructing an
exhaustive deterministic model that considers both
waning immunity and reinfection dynamics due to
disease relapse.

3. | Development of the Model

For the development of the TB model, we employed
the compartmental disease modeling approach. The
total human population was defined as N (t) and
classified into 5 mutually exclusive time-dependent
disease-status based compartment. The susceptible
population S(t) comprise of individuals who live
within a TB endemic population but are not (yet)
infected with TB nor are vaccinated against it at
time t; the latent TB infected population I (t) are
individuals who have a latent TB infection; the
active TB infected population [ () are individuals
who have an active TB infection; the recovered
population R, (t) are individuals who recovered from
TB via treatment while the vaccinated population
V.(t) are individuals who have been vaccinated
against TB.

Individuals are migrate into the susceptible
population at the rate A while the natural death
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rate of all individuals in the studied population is
denoted by u. The TB induced death rate is §, while
the transmission rate of TB is .. Individuals in the
susceptible and vaccinated populations can contract
TB by contact with the infected population, ,, via the
force of infection A_= f,I,. The TB vaccination and
recovery rates are vV, and y, respectively. The rates
of loss of immunity for the vaccinated population
and disease relapse for the recovered population
are denoted respectively by w, and 6.. p, denotes
the transition rate from latent to active TB. Figure
2 shows the flow diagram for the developed model
while Table 1 contains its state variables.

Table 1 | The Model’s State Variables

Variables Description

N Susceptible Population

1,(t) Latent TB Infected Population
1,(®) Active TB Infected Population
R.(t) TB Recovered Population
V.(®) TB Vaccinated Population

3.1 | The TB Model

(1
@)
©)
)
®)
satisfying the initial conditions;
{ S1;, IR, Vs € R2:5,>0, [p=> }
0, I;p=0 Rp=0 Vpp=0

Figure 2 | Flow Diagram for the Tuberculosis Model

3.2 | Qualitative Properties of the Model

To establish the model’s epidemiological plausibility,
we presented two basic qualitative properties for
it. These include identifying the model’s invariant
region, a set inside which it is bounded, and
establishing the positivity of its solution (Lofberg,
2004).

3.2.1 | Boundedness of Solution

To derive the model’s invariant region, the total
human population is defined by:

N@)=S@©) + 1,6 +1,0) + R + V(O 6)

(7)
(8)

where A = e Cis a constant.

Therefore, the solution set of the model equations
enters and stays inside the region:

)
3.2.2 | Positivity of the Solution

The Positivity Theorem (Tilahun et al., 2018): The
solutions of a model’s equations are positively

invariant for future time if the respective
initial values of the model’s state variables are
all non-negative”. Let Q = {(S,I,I,R,V,) €

, the

solution of (S,1,1,,R,V )} are non-negative for t=0

Proof: From equation (1),
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where A(f) = (v, + A+ w)dt, where C denotes an
integration constant.

Att=0,S, >0,

~St=0)=S,>2B.

S(t) > Soe-ank (10)
>0Vit>0.

From equation (2),

where A(t) = } (p, + wdt, where C represents an
integration constant and B = €.

Att=01,>0

2 I(t=0)=1,>B.

Accordingly.
[u(t) > [oe-ac (11)
>0 Vt>0.

The same results are obtainable for equations (3)
to (5).

4. | Stability Analyses of Model
Equilibrium Points

4.1 | The Disease-Free Equilibrium (DFE)

We define the DFE as a solution to the model
wherein no individual in the population is infected,
as:

E,,=(5°0,0,0,V,)

satisfying
I,=R.=0.

=(0and I, =

Setting equations (1) to (5) to 0, we substitute /, =
I,= R, =0, and have;

(12)

(13)
The addition of equations (12) and (13) yields:

(14)
Substituting (14) in (12) yields:

(15)
where

(16)
Substituting (15) in (14), we have; , Where
K'=(1-K)
Therefore,

) 17)

Note that, =1 and this>v,=0and V,
=0.

4.2 | Local Stability Analysis of the DFE

In epidemiology, to evaluate the local asymptotic
stability of the DFE, the next-generation matrix
method is applied by examining the basic
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reproduction number, Ro. Ro is defined as the mean
value of the secondary cases generated by a typical
primary case in a fully susceptible population.
The method was given and revised by Diekmann
et al., (1990); Van-den-Driessche and Watmough
(2002) respectively and have been employed by
several authors (Baba et al., 2021; Akinade et al.,
2019; Akinade and Afolabi, 2020; Ogunmodimu
et al., 2024). For a population that is not entirely
susceptible, like in our model where there exists a
vaccinated class, we obtain, instead, the effective
reproduction number, Re = RoX, where X is the
fraction of the population that is susceptible. If
the effective reproduction number Re < 1, then the
DFE is locally asymptotically stable and unstable
otherwise.

The basic reproduction number is defined as the
spectral radius of the system’s next-generation
matrix FV~'. We defined the rate at which new
infections appear in class , fi, and the rate of
transfer of individuals into compartments 5 Vi in
the model equations (1) to (5) as: f; = (,S'TIAS ) and
v, = ((Pl + Wiy )where,
(rr + 67+ wly —pyl;

fov=(l) < (S - ik )

La pily— (rr + 87+ 1)y
_ (0 BrS°
Therefore, F = ( 0 0 ) and
v (@m0 )
P (rr +6r+1)
[ BrS'ps S8y eigenvalues
,;q: =_[0 " BrS'e ]1'u+P1Z' Srtyr+i )
T " Sptyr+u(py i) 0

RT — BrSTpy
Bty +wp 1)

By substituting the parameter values from table 2
in R}, we obtained; R, = RTX = 0.0342992217681256,
where X, the percentage of the population that is
susceptible to TB is % Accordingly, the model’s
DFE is stable. Table 2 contains the secondary data
used for the model analyses and simulations.

Table 2 | Table of the Parameter Values

Parameters Values Sources

A 0.00315 Rwezaura et al. (2022)

7 0.0003821 Rwezaura et al. (2022)

oT 0.1060 Jajarmi et al. (2019)

B, 0.006 Mekonen and Obsu
(2022)

v, 0.50 Rwezaura et al. (2022)

Yr 0.516 Mekonen and Obsu
(2022)

o, 0.02 Rwezaura et al. (2022)

0, 0.0005 Bandekar and Ghosh
(2022)

P, 0.020 Colijn et al. (2009)

4.3 | Global Stability Analysis of the DFE

Point

Here, we employed the generalized method of
constructing Lyapunov functions given by Yusuf
(2021). Define V (¢, S,1,1,R, V)= CI + Cl,; C,C,

A 2°A°
> 0.

(18)

Substituting and C,= 1 in (18), we obtained;

Therefore, the function V_is strictly Lyapunov at the
DFE point according to the “LaSalle’s invariance
principle” (La-Salle, 1976) and hence
asymptotically stable.

is globally

4.4 | The Endemic Equilibrium Point (EEP)
of the Model

An EEP of a disease is defined as a “positive steady
state solution in which the disease persists in the
studied population” (Brown et al., 2006). A unique
EEP was obtained for the model by solving for all its
state variables while equating their derivatives with
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respect to time to zero. ET* = (S*,IL*,1A* ,RT* VTx),
are positive state solutions of the model satisfying:

. That is;

gzﬁ_vTS—ﬁTfAS'F wrVr +67Rp—uS =10, (19)
%zﬁrfAS—PlfL—#fL=ﬂ’ (20)
24 = puly =yl — (Sr+ W, =0, 2D
%: ¥rly —O0rRr —pRr =0, 22)
% =vpS —wrVp —uVp =0. 23)
From (21),

b = e o 24)

Substituting (24) in (20), we have;

« _ Pyt +ér+p)
Brea ( )

From (23), we have;

w ]—5

Vr = fep+i) (26)

Substituting (25) in (26), we have;

% 'I.r’]—_g’=

vrip (o)
— vrlpati) O TR - q.

r= (wr+u) Bro(wr+i) (27)
From (21) and (22), we obtain respectively;
I = % L, (28)
¥
Rr = ol )
Adding (19) to (23), we have;
A—pS —ply — (8p + )y — pRy — pvy = 0. (30)

Substituting (27) to (29) in (30), we have;

«  M(yr+ér+p) By, uv .
ﬂ—ﬁs —%!A—((ST‘FH)!A_(_GT:—H)!A—ms =0 (31)
Vr wr+vr+u
A—puS*(1+ =A—uS(—)=Al,.

) & )]
Where A = [FIT2T 4 5 4 )+ T 0.
P1 (Br+u)

Therefore,

n=2K ()
Recall K = from (16).

Therefore, substituting (32) in (28) and (29)
respectively, we obtain;

. Yr+or+u) .
[ =9t e

5 (33)
R: = ¥r I: (34)
T thpu) &

The last three expressions are positive if A — % =0,

A,
AR wKErpa

ust  (Srtyr+ui(ps i)

Therefore, a unique EEP, E; = (S°,11.1z, R7.V7), for the
AK frpy

TB model exists whenever R} = ——1
H(ST+yT+I)(+py)

4.5 | Global Stability of the EEP

Here, we defined an appropriate Lyapunov function
for the TB model at  as:

(35)

(36)

since | > 0 and

Therefore, for 1, the EEP E."exists and L, is a
strictly Lyapunov function. This implies that E* is
globally asymptotically stable.

5. | Sensitivity Analysis of Re

Sensitivity analysis enables the assessment of how
each parameter within e affects the transmission
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and control dynamics of a disease. The normalized
forward sensitivity index of R, relative to a parameter
p is defined by Akinade and Afolabi (2020), and
Bandekar and Ghosh (2022) as: T’

Since R is the product of R with a constant non-zero
value, it suffices to say that:

G7)
For the TB model, we recall from (4.2) that,

(39)

For A,

For B,

Forp,, ) (39)
where

By quotient rule of differentiation,

Substituting this result in (39), we obtained;

For w,,
, (40)
where

By quotient rule of differentiation,

Substituting this result in (40), we obtained,

For v,

, 41)
where

By quotient rule of differentiation,

Substituting this result in (41), we obtained;

Fory,

For &,

Lastly, for p, , 42)

where

Let V=p(u+p)p+ ot v)(u+y+6),

Substituting this result in (42), we obtained,
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Substituting the parameter values in Table 2 into the
sensitivity indices above, we obtained Table 3 below.

Table 3 | Sensitivity Indices for the Basic
Reproduction Number

Parameters Signs Values

A + 1

Br + 1

P, + 0.0038064
o, + 0.8297130
v, - 0.9882296
Yr - 0.7628824
ot - 0.2365526
v - 0.8458547

6. | Numerical Results and Discussion

The model’s numerical solution was computed via
the classical fourth-order Runge—Kutta scheme
on MATLAB subroutine. The simulation utilizes
parameter values provided in Table 2. The simulation
was performed over a period of 80 weeks.

6.1 | Numerical Solution of the Model

Figures 3 to 7 are the graphical solution of the
model’s equations (1) to (5) respectively. Figure 3
is the susceptible population’s trajectory. This class
experienced a continuous and rapid decline in its
population over a period of 10 weeks associated
to progression into the latent class and especially
into the vaccinated class as seen in Figures 4 and
7 respectively. Afterwards, the susceptible class
maintained a stable value associated with an
equivalent inflow into the population and outflow to
other populations.

The latent TB infected class in Figure 4 experienced
a decline in its population after the first 8 weeks
indicating that its members were beginning to
progress to active infectiousness thereby moving
into the active TB infected class in Figure 5. Worthy
of note is that the latent TB class, though approaches,
didn’t converge on zero indicating that the population
remains non-empty. Increase in the active TB class

lasted about 15 weeks after which it experienced a
continuous de-population into the recovered class in
Figure 6. The recovered class initially recorded a slow
increase in its population for the first 5 weeks after
which it experienced a considerably rapid increase.

Figure 3 | Susceptible TB Population Against Time

Figure 4 | Latent TB Infected Population against Time

Figure 5 | Active TB Infected Population against Time

After some time, however, This population is found
to maintain a very slow increase in its population
because of disease relapse. Same can’t be said of
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Figure 6 | TB Receovered Population against Time

Figure 7 | TB Vaccinated Population against Time

the vaccinated class which recorded a slight decline
in its population after the first 10 weeks associated
to the effect of immunity waning. Thereafter, this
class maintained a stable value associated with an
equivalence in inflow and outflow.

6.2 | Variation of Sensitive Parameters

Figure 8 depicts how variations in the vaccination
rate influence the latent, active and vaccinated

populations. Increasing the vaccination rate leads to
a reduction in the latent and active infected classes
and an associated increase in the vaccinated class.
An increase in the treatment rate leads to a decrease
in both the latent and active TB classes while the
recovered class increases as seen in Figure 9. Figure
10 shows a slight increase in the population of the
susceptible class and more significant increase in the
latent and active TB classes as the rate of migration
into the susceptible class increases. This suggests
that increase in the population of the susceptible
class results in a rapid spread of the disease.

Thetrajectories of effects of increase in disease relapse
in Figure 11 show that the latent TB class initially
experienced an increase in its population and then
later a decrease. The susceptible class experience
an increase in its population as the disease relapse
rate increases while the recovered class experience
a resultant decrease in its population. Figure 12
indicates a decline in the latent class and an increase
in the active infected class as the progression rate
from latent to active TB class increases.

The effect of loss of immunity of the vaccinated
population in Figure 13 indicate an insignificant
increase in the susceptible class as the latent and
active TB populations continue to increase while
the vaccinated class decreases. Lastly, the higher the
TB contact/transmission rate the more the latent and
infected TB classes grow and vice versa as shown
in Figure 14.

200 40 300
VT: 0.05 VY: 0.05

180 ——v=01 35 ——v=04 ]

160 '/T:DS . '/TZOS ”Y:ODE’
5 - 530 / 01
T 140 / kil / —— =05
2 / 205 /
£120[ |/ < /
£ =
2 / 5] /
$ 100 é,_’, 20
= / h 5
@ / @i5f N
= s
: : ~~__| o
5 210 | / I

s/
5 /
] - 0 0
0 10 20 30 40 50 60 70 80 0 10 20 40 50 60 70 80 0 10 20 30 40 50 60 70 80
Time (Weeks) Time (Weeks) Time (Weeks)
(a) Latent profile (b) Infected Profile (c) Vaccinated Profile

Figure 8 | Effects of Vaccination Rate
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Figure 9 | Effects of Treatment Rate

Susceptible Population

Latent TB infected Population
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3
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Figure 10 | Effects of Recruitment rate into the Susceptible population

Figure 11 | Effects of Disease Relapse

Figure 12 | Effects of Progression rate from latent to active TB

80
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Figure 13 | Effect of loss of Immunity after vaccination

Figure 14 | Effect of TB contact rate

7. | Conclusion

This work presents a novel, comprehensive
deterministic model for modeling disease
transmission, prevention and control dynamics
of tuberculosis. The model was formulated as
a system of 5 non-linear ordinary differential
equations corresponding to 5 populations present
in a tuberculosis endemic environment. Significant,
yet previously overlooked, parameters such as
disease relapse upon recovery, immunity wane

after vaccination, The transition rate from latent TB
infection to active disease, and treatment/recovery
rate were notably considered in the formulation of
this model.

Mathematical investigation of the model reveals that
it possesses an invariant region, within which it is
both epidemiologically and mathematically well-
posed, and by applying the positivity theorem, we
justified that the model’s solution always remains
non-negative. Further investigations show that the
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model possesses a stable disease-free equilibrium
point whenever the effective reproduction number,
R, is less than 1, indicating that the disease can be
curtailed and may not invade the population if the
model with its properties is implemented. A unique
endemic equilibrium point, which does not co-exist
with the DFE, exists for the model whenever R >
1. This suggests that if the effective reproduction
number is greater than one, the disease may remain
endemic in such population.

Consequently, sensitivity analysis of R, was
performed using the forward index sensitivity
approach to obtain the specific rate of influence of
parameters that affect the value of R . This analysis
shows that the rate at which new individuals migrate
into the susceptible population and transmission rate
of tuberculosis are most sensitive to R and will result
in a rapid spread of the disease while vaccination
and treatment rates are most sensitive to decrease its
spread. Worthy of mention is the rate of immunity
waning for the vaccinated class with sensitivity
index of 0.8297130, indicating that 10% increase
of this parameter will result in approximately 8.3%
increase of R, We obtained the numerical solution
of the model by applying the fourth-order Runge—
Kutta scheme on MATLAB subroutine and various
simulations of its parameters were discussed.

By and large, this research work was able to
establish the effectiveness of mathematical modeling
in predicting future trends and possible controls
for tuberculosis. Consequent on the findings of
this research, we recommend that awareness and
sensitization be intensified, especially to people in
tuberculosis endemic area, on how to reduce the
transmission of this disease, possibly by proper

hygiene e.g coughing/sneezing into the elbow, not
staying in overcrowded areas with poor ventilation,
etc.

Furthermore, we highly advocate for point of care
diagnosis (POCD) of TB in endemic populations.
This will reduce both its transmission and contact
rates while enabling quick, easily accessible and
accurate diagnosis of the disease, which should be
followed with efficacious treatment. Moreover, not
only must proper and adequate awareness be made
on the potency of vaccination against tuberculosis,
but also the possibility of attaining a vaccine with
high efficacy, which possibly may result in a lifetime
immunity against the disease (unlike BCG). The
possibility of a treatment regime to completely
remove tubercle bacilli, the causative agent of TB,
thereby putting an end to cases of disease relapse
upon recovery should also be considered.

To the scientific world, we recommend that an optimal
control approach be implemented on the developed
model to determine the best possible strategy or
combination of strategies to minimize and ultimately
end the disease spread, as the simulation results
show that the TB infected population approaches but
didn’t converge on zero. The effect of the prevalence
of other diseases on the Tuberculosis transmission
and control dynamics should also be considered.
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